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ABSTRACT

A derivation is presented of the basic equations of the Quasi-
Wundy Ccde; this code is widely used for computer calculations
relating to explosive systems. The paper begins with the basic
notions and attempts to clear up the confusion concerning
Lagrangian and Eulerian equations which is all too common in
the literature. A brief derivation of the fundamental equations
of continum mechanics follows and these equations are then differ-
enced to give the equations of the code in the form actually
employed in the code. The computational procedure is then discussed
and two questions which often erise with respect to the working of
the code are answered. It is hoped that this paper will provide
a background for answering other questions as.they arise.
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FOREWORD

Tne wide use of the Quasi Wundy Code for various calculations
rels ivs to explosive systems has shown the need for an adequate
summary of the basic equations and computational schemes of the
code together with the derivations behind them. To the best of
the author's knowledge, such information has not been documented
and is not readily available from any source, although it is
necessary in order to answer some of the questions which arise
with respect to use of the code. Answers to two such cuestions
have been included in the body of the repcrt and it is hoped,
that sufficient insight into the code is generated to prepare
the reader to answer any other questions which may arise.

This paper should serve, further, both to introduce the
reader to the code as well as to make known its full possibilities
so that individual investigators can adapt it to their own speciel
problems. In accordance with this goal, the paper proceeds from
basic notions of fluid mechanics to the Fortran statements of
the code. Some material of a rather basic nature has been
included, but it is felt that this is worthwhile since it leaves
the paper more nearly self contained thus ensuring uniformity of
notation and circumventing the difficulty of obtaining good
reference material.
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I. BASIC NOTIONS AND COORDINATE SYSTEMS

The Quasi Wundy Code is a one dimensional camputer code
designed to calculate various quantities of interest in an
explosive system. It is assumed that all materials involved
obey certain basic equations of f£luid mechanics which express
the basic conservation laws: energy, momentum and mass.

In order to obtain these equations, it is necessary to make
a few preliminary remarks. The first concerns the description
of the system which is reacting. There are two possible ways of
specifying physical quantities such as pressure and density.
The first is simply to set up a coordinate system and locate &
point (x,y,z) in that coordinate system. Then the pressure
(for example) is defined as some function of the coordinates of
the point, (x,y,z) and the time. This is the Bulerian approach.

A second alternative is to identify each particle of fluid,
not by its present location relative to a set of fixed coordinates,
but by the location gt time t = 0., This identifies each particle
of the fluid in terms of its original location. This is the
Lagrangian approach.

In both cases, a set of fixed axes are chosen and the
motion is described relative to these fixed axes. The differ-
ence lies in the choice of independent variables. Euler
chooses the location in space and time and seeks to determine
pressure, density, etc. at that point. Lagrange chooses the
initial coordinates of the "particle" of fluid and seeks to
determine its present location, the pressure, density and so on.
It is to be emphasized that, mathematically, the difference
between these two approaches is a difference in viewpoint.

The solution to the Lagrange equations include x = f(a,b,c,t)
as the x coordinate of the present position of the particle.
This is the Euler coordinate, x. Conversely, the solutions to
the Eulerisn equations will include a function which will
describe the past and future locations of the particle now at
the point (x,y,z). Constants of integration will occur which
depend upon the position of the particle at t = 0. These
coordinates are the Lagrange coordinates.

The Jagrange approach is better suited than the Euler for
describing the motion of mixtures of fluids with different
densities and equations of state, since it is only necessary to
assign these properties to the initial state of the fluid; during
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the subsequent motion it is quite easy to determine which fluid
is described by some calculated velue of pressure for example,
since the fluid is still labelled with its ori:ginal coordingtes
in the Lagrangian scheme.

This point is worth developing in detail since the
equations of the code are developed in Lagrangian form while
the ordinary approach to fluid mechanics is by the Euler
equations. Accordingly we give an example to illustrate this

point.
y
(a, b + Ab) (a + A2, b + Ab)
t=0
(a, b) (a + pa, b)
X
h)
- >0
A i
|
i I |
g ~ y(a, v) | !
|
) ! ' '
| ]
{' x(a) b) "’I
x(a + A&, b + Ab) -

FIGURE 1
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In Figure 1,x and y are the Eulerian coordinates and a and

b are the Lagrangian coordinates. In the Lagranglen scheme,
the particle 1s characterized by the coordinates a, b and
retains these labels for its entire motion. Its location at
any time is given by x = £(a,b,t) and y = g(a,b,t). Any
physical quantity such as density is determined as a function
of a, b, and t: p = p(a,b,t). This is the present density of

_ the particle which was originally at the point (a,b). If

Euler's equations are solved, the solution will include a

density equation p = p/(x,y,t). This is the density of the

fluid now at the point (x,y). If (x,y) is the present location

of the particle originally at (a,b), we can substitute x = £(a,b,t),
y = g(a,b,t) to get

p= D, (f(a:b:t), G(a:b)t) » £)

The function so cbtained is the same as the function obtained
from the Lagrange approach.

This point is developed in some detall because of a
certain amount of confusion in the literature concerning
Lagrangian coordinates. Many statements are given which,
though literally accurate, convey a misleading impression.

One example is the statement that the Lagrangian reference
frame is not inertial. This statement is literally true,
since the particles do not change their initial coordinates
with time, regardless of the pressures acting. In that sense
th= coordinate system is not only fixed in the fluid but also
distorting as well as moving, with the fluid and hence the
Lagrangian mesh of Figure 1b is not inertial. But the reader
1s cautioned against the érror of thinking that the frame of
reference for the motion is moving. The frame of reference is
the coordinate system with respect to which x and y are measured.
These are the Bulerian coordinates and refer to a coordinate
system fixed in space, (the fixed axes in Figure 1b).

While the scheme of using the initial coordinates for
Lagrangian variables is the simplest and most straightforward
approach, it is clear that any function of the initial variables
will do equally well. One such function that is used in the
scale is the one ve will describe next.




Consider the equation
X(M,t)
M= [ p(g,t)dg
1
x( o,t)
where p is the fluid density and x, the coordinate of a point
in the fluid, is defined as a function of M by ‘the integral.

If we teke a partial derivative with respect to M on both
sides we obtan:

1= p(X(M:t): t) gﬁ-

We consider analogous definitions for the cases of a sphere
or an infinitely long cylinder - each of which is a one dimen~
sional problem.

For the cylinder,
R(M,t)

M=2g [ o(E,t)ede

(o]

and.

1 = 21 p(R(M,t),t) R(M,t) %R
For the sphere, we have

rR(M,t)
M= 4x [ ole,t)e3de

§
(o]

1= 4 o(R(Mjt),t) FR(M,t)]z .g.Mli

vhere R is the appropriate Eulerian radius.
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3 We now introduce a quantity designated by A which represents
b a surface area. For slsb symmetry, we choose an area of unit
height and unit width (Ay = 1, Az = 1) and obtain A(M,t) = 1.

KL

. For a cylinder, we choose unit height Az and angle 2x to
obtain a surface area: A = 2x R(M,t) and for a sphere we
choose a solid angle of 4x to obtaln:
3 A = 4x[R(M,t)]2
%1 : The diagrams are as follows:
i3
i ] Slab: 2 _~A
i
/ x
3 v
Cylinder:
L E )
14 A ./\/ ///// Az = 1
23 /
3 Sphere:
~—~A
10

2 It follows from the law of conservation of mass that the
31 mass contained inside a volume bounded by the same fluid particles
3 1s constant in time and depends, therefore, only on the original
) volume and the coordinates of that volume. Hence the quantity
M may be chosen as a Lagrangian coordinate, and the Fulerian
) coordinate R (or x, in the plane case) is related to it by the
differential equation
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where A(M,t) = 1 for a slab, A(M,b) = 2x R(l4,%t) for a cylinder
‘and 4x RZ for a sphere.

With this much noted, we turn our attention to the equations
to be solved.

II. EQUATIONS OF THE WUNDY CODEX*

We begin our discussion of the Wundy equations with some
remarks 2oncerning time derivatives. In order to faeilitate
our éiscussion we set x, = X Xo =¥ and x5 = 2 and write x; as
a general term to represent x,, X, or Xg. Similarly, we use

ay to represent aj, ap, or ag (ie: a, b or c).

Now consider a particle located at the point (x,, X,y Xg).

In the Lagrangian formulation x3 is a dependent variable and
depends on a3 as well as t. But the ay, which are initial
coordinates (or functions thereof), do not depend on time.

Hence we write x, = i R X3 is the velocity of the fluid
t

particle at the time t. Similarly, the acceleration is:

3k,

i=———

Jt2

In the Eulerian formulation, the x4 are the independent
spatial coordinates but depend on the time. The velccity and
acceleration are now given by

dx v az
xi=__£andx1=__).c_1
at at2

*The reader already familiar with fluid mechanics may easily
skip this section.

oy




the difference between the two forms being the same as the
difference between partial and total derivatives in ordinary

calculus.

As a further illustration, consider the rate at which the
density of a given fluld particle changes with time. 1In the
Lagrangian formulation this is simply dp /dt. In the Eulerian

formulation this is?t LL/;{‘

dp _Jp dp dxi
ok R ok

or, upon replacing d.xi/dt by the Eulerian velocities:

do _9p 3 v Op
dt ot +21Vi33?1'

M -(-1-2 = a .
or in vector form i (—3% + V *» ¥p

The quantities whose time derivatives we will be seeking
are usually integrals and it will be necessary to determine
the time derivative of the Jacobian determinant before we can
handle them. We suppose the BEulerian coordinates to be related

to the Lagrangian coordinates by a set of equations:
x; =% (a,, a,, a,, t) and the Jacobian determinant of these

equations is:
J = ITiJI
where T“J = . (5x1/aa3) and

| Py 3' represents the determinent formed from the elements, Ty 30

Iote that the X,¥,2 co~ordinates of a particle are themselves
functions of time, hence the total derivative.




To find the derivative of J, we write:

ad _ 53 oF AT ps
at =~ rys=1 sTrs dt

The partial derivative of the Jacobian with respect to
the element Tps is a rather complex operation and will be set

forth in Appendix A for the reader familiar with tensor
analysis.

We note the result:

-1
{0

where the symbol in braces denotes the rs term of the inverse
of the matrix formed from the elements T,g. This inverse is

simply the matrix éﬂg. Hence for our time derivative we have:

M p

g’i:JZs aas_dT
at r,s:l B;C_r-dt rs
rys=l  OX, dt Oag
dag ax
r,5= 0x, dag dt

da,
=2 ==y

=JZS é‘ir-‘

=1 3%,
=JV-.u
8
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With this derivative out of the way, we may turn our
attention to the evaluation of time derivatives of integrals.
To this end, let ¢ represent any physical quantity characteriz-
ing a set of fluid particles. We wish to integrate ¢ over
all such particles:

=fff¢(x,t)dv

C, being the region comprised of such particles. As the
fluid moves, the equation of the boundary changes in time as
does @ itself. But the Eulerian coordinates of the boundary
are functions of the Lagrangian coordinates, aj, and we can
express the integral as an integral over the initial volume of
fluid.

=f[[¢ (x(a),t) Jav
Co

where C, is the boundary at time zero and J is the Jacobian
of the transformation from the ay to the x: coordinates.*

Quite obviously, 'J depends on time, but the bounding
surface no longer does since it is evaluated at t = 0.

d_t=g_ff ¢ Jav

*The reader unfamiliar with Jacobians is referred to Taylor:
Advanced Calculus, pages 428~431.
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Now since the limits of integration are constants, we can differ-
entiate under the integral sign (assuming ¢ and J are sufficiently
smooth) to obtain

g J)] (#gr)
Co

{{f ¥J+¢JV-11 av

=J;ff §%+¢V-u Jav _ }

[ JE

=L/1/1/\ %% +@veu ] av

Ce -
&

NSNS

(upon inverting the transformation).

This provides us with all the background material for the
conservation laws.

Conservation of mass:

a .
E_-E fff pdvs= O
C
fff aa-£+pV'u) dv =0 . ;
ot
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and, since this is true for any srbitrary volume,

the integrand
must be zero.

[}

op
+p Veu=0
3t

Conservation of momentum:

a

—_— w dv =3 F

dt\/ijﬁjf p Vg k
¢

where Fy is the k component of the force acting, and the sum
is over all forces.

8 U-k
+pukV-u dV=sz
fff pé‘.l_lﬁ+uk .§P_+p Veu av = £ Iy,
o dt ot

or employing the mass conservation equations:

du.
[[]e Zeav=zm
C

The forces acting divide into two kinds. The first kind is
mede up of volume forces such as weight and electromagnetic forces
and the second kind is made up of fcrces acting on the volume at

the surface. The hydrodynamic approximation consists in neglectlng
all forces except those arising from pressure.

Since the pressures are on the order of megabars, there is
no problem whatever in dropping all electromsgnetic forces and
weight forces. In neglzeting all viscous forces and rigidity
forces in the metals, the program is perhaps open to criticism,
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but, nonetheless, the approximation is not as bad as may be
anticipated (Reference 1). With this approximation, we write:

[IfeBornf]  oma

Surface

where ny. is the k component of the normal vector. The assumption
of the hydrodynamic approximation has the effect of reducing the
stress tensor of contimwum mechanics to a diagonal tensor with the
elements of the main diagonal all equal to - p, (ie: Ty = =D B4y
in tensor form).

Applying the divergence theorem to the integral at hand,
we have:

INARE -l

or

\
f[f ik+ 510’dv-o

Bxk/

and finally, since this is true of any volume, we write:

pé}.lﬁ+_§2 =O
Bt an

which is the form of the momentum equation we wish.

The energy equation is also easily derived. We let U be
the internal energy per unit mass and let h be a vector
representing the heat current out of the surface. (The heat
current is defined as that vector which makxes the integral

v
Surf
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equal to the heat that is transported out of the volume through
the surface.) Further, suppose that heat is being gercrated
inside the surface at a rate A per unit mass. Then applying
the first Law of Thermodynamics, the rate at which the energy
in the volume changes is equal to the work done on the body by
the pressure forces plus the heat generated inside the hody

(1, as defined sbove) minus the heat lost through the surface
(heat current, mentioned earlier). In equation form, this

" statement reads:

a%“/‘b/i[p(U+.]é:u2) dv=-f[p(nou)dA-f[hoﬁds
Jf e

The derivative on the left we evaluate as before:

fffE(U+%u2)+p(ﬁ+uﬁ)+V-up(U+%uﬂdv
c

= fff[g(ﬁ+u{1)+(U+.;;u2) (6+pV-uﬂ av
c

=b/1/1/\p (U + ud) dv
¢

where the mass conservation law has been applied.

Now we have:

fv[pr (5 + viav = -ff[ . () av -_ff[v.h .
fffer o

c
13
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fffE(ﬁ-nMuaW.pu”,h] o
fffE(ﬁ"‘)+u°Fpﬁ+Vp]+pv.u+v.{] av = 0
JIff @ emeneen] e

where the momentum conservation law has been employed. Since
the integral vanishes for every volume, it follows thatb:

o (U +pV.u+9-h=0

For the Wundy code, the heat conducted away is assumed
negligible and h = 0. The source of heat is assumed to be
viscosity and is incorporated into the pressure term by the
introduction of an artificial viscosity term, q (Reference 2).
This term is the very core of the solution. By menipulating it
properly, we arrive at a continmuous solution for the varisbles.
The shock discontinuity which appears is smoothed out over a
few zones and it becomes possible to find difference equations
whose solutions will approximate the revised problem. We will
discuss q at a later point ir the paper but, for the present, we
merely note that - p A = q Ve.u. Solving for U, we obtain
o0 == (ptq) V-u. Using the mass conservation equation, we
can eliminate V .u to geb: .

_ 19
V-u—-'sg,%
_ 19
U= ( =, 2
m)pgat

If we introduce the specific volume V' = l/p, we obtain:

ﬁ=-(p4q)-§‘—’-

14
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Summarizing, our equations read:

mass:
) -
8% +pVeu=0
momentum:
0
p -—u1.£ = = —@
ot ox ¥
energy:

U - oV’
K=" (p+q) S

The first of these equations is open to objection, since
there is little point in obtaining differential equations in
the density. An alternative approach is to introduce the mass
varisble introduced at the end of the first sectio:. Recall
that

x(M,t)
M= f ole,t) A (g) de
x(o,i)
and
ox _ 1
M- P

With this varisble, the conservation of mass is automatic since
each particle is permanently identified by the mass contained
between the initial particle and the perticle in question.

The other conservation laws, take the form:

Momentum: p§."_1.=-_a.l’.§l‘.pAor.a_‘i=-A§R

ot ox cM — ot oM
. U v’
Energy: % (P-i-q)a s (as before)

15
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To obtain the equations of the code, we must multiply this last
equation by p, and set p U =E and p,V/ = V. Since p,, the
initial density, is constant we have:

g%=-(p+q) g—%

and the momentum equation is unalteréd:
au,;_AB
R

To these two equations of motion we add the supplementary

eguations:

V= po/p
= au/at
u = ar/a‘t
1 slab
Definitions: Area = 2 R cylinder
4 R® sphere
R, = By slab
(R 2 - R,®) cylinder
Volume = "
-3-£(Ro3 - R,%) sphere

(The subscripts i and o refer to inner and outer boundaries
respectively of the region of interest).

Equation of State: p = F(E,V)

The equation of state is a thermodynamic equation relating
(in our case) the pressure, internal energy and reduced density.
We will discuss various equations of state somewhat later in
this report.
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III. DIFFERENCED FORM OF THE EQUATIONS

The basic notion behind the use of high speed computers to
solve differential equations is the replacement of the derivatives
involved by difference qguotients which approximate the derivative.
Thus to solve the equation:

gle

=x vix,) =¥,

we assign A x a value and compute A y from the equation:

A,y/A X = Xo» The variable y is the increased from yo to yo + A Y
and x is increased to xo + A x. The process is then repeated and
g column of corresponding x and y values are produced.

Similar observations apply to partial differential equations,
except that there are more variables. To this end we number the
space variable, in this case the mass, by the number J. The time

is represented by the number n. Thus %% is represented by:

N+l N
(¢ J -¢J) At

/M by: (¢ Jf-l -¢ g)/(MJ_'_l - M)
J

To facilitate the writing, we employ @(J,N) to represent @y
hereafter.

The camputation proceeds by calculating all the quantities
desired at the time n for each mass cell. The spatial computations
are performed Tirst at a fixed time, then the time is advanced
and the process repeated.

Fractional indices are introduced in order to "center"
the difference scheme. In this fashion, a higher accuracy can
be achieved with the same number of zones. The quantity ¢ (J + 1/2)
is a value of ¢ intermediate between #(J) and $(J+l). To illustrate
their use, let us take a differenced form of the equations derived
in part 2. We write these equations down and comment on them
later.
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Conservation of Energy:

%% = - (psa) %%

-

E(J - 1/2, N +1) =E(J - 1/2, N) - {% (p (0 -1/2, W) + P (J -1/2, N+ 1)]

L SN

+g{d=1/2, N+ 1/2)}-{v (3 -1/2, N+ 1)
- 7{(J -1/2, N)] )

omentum:

= - A 9P/

N

DUDT = - A(g,w) (2ra)(FL/2,W) - (pq)(J-1/2,N)
M(J+1/2) - M(J-1/2)

where DUDT is the computer name for the acceleration. This
expression is equivalent te:

_ (pra)(J-1/2,1) - (p+q)(J+l/2,N)
DUDT = A(J,11) 1/2 [M(3+1/2) + M(J-1/2)]

Defining Relations:
V=00

V(J - 1/2, i +1) = o, Vol(J - 1/2, N + 1) / m(J - 1/2)

ot

x(d, W+1) =x(3, M) +u(J, ¥+1/2) AT,




-}
nopr = <2

u(J, N+ 1) =u(J, N) + DUDT A Tpyp

1 1
.Area = onX Alg, N+1) = 2x{(J, N + 1)
4qX2 4nX3(J, N + 1)
(Ro"' Ri)
Vol =  x(RoZ = Ry®)

an/3(R,® - R,®)

X(J, N+1) - X(J -1, N+1)
Vol(J =1/2, N+1) = ,[x2(J, N+1)-¥(J-1,N+1)]
an/3(x® (I, N+1) -x3(7-1, N +1)]

These are the basic equations of Wundy as set forth in
section 2. The superscript n refers to the time and the subscript
J to the distance. The subscript j - .Jé-.identifies a varisble as

in the space bounded by the two lines Ry and Rj.j.

The quantity m(J - 1/2) is the mass contained in the zone
between X(J) and X(J - 1). It is obtained from the previous
mass varisble M by the relation m(J - 1/2) = M(J) - M(J - 1).
The expression M(J + 1/2) - M(J - 1/2) should be taken to mean
the difference between two masses. The first mass is that
contained between the left hand boundary of the initial particle
and the surface corresponding to X(J + 1/2). The second is the
mass between the same initial boundary and the surface
corresponding to X(J - 1/2). This is best understood by reference
to the following diagram:
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(M(T 4 1/2) - M(T - 1/2)]

Since M(J + 1/2) - M(J - 1/2) is the sum of the masses lying
between X(J - 1/2) and X(J) on the one hand and between X(J)
and X( T « 1/2) on the other. If X(J - 1/2) and X(J + 1/2)
divide the regions X(J - 1) - X(J), x(J) = X(J +1), into

two halves with equal masses, then the mass between X(J - 1/2)
and X(J) will be half the mass of the entire region X(J - 1)

- X(J), that is 1/2 m(J - 1/2). Similarly the other mass
involved is 1/2 m(Jj + 1/2), so that M(J + 1/2) - M(J - 1/2)_

= % (m(J + 1/2) +n(J - 1/2)).

With this in mind, it is obvious. that the two expressions
for DUDT in the difference equations are equivalent.

At this point, the question arises whether the differentisal
equations could be represented by another set of difference
equations. The answer to this question is yes. Fromm (Refer-
ence 8) considers several schemes of differencing and evaluates
them. Unfortunately, Fromm's criterion for evaluation is
basically a stability criterion. He considers the best equation
to be the one that allows the largest A t to be used before
instability sets in. While this may be a good mathematical
criterion, the obvious physical criterion of agreement between
calculated and observed values has not yet been fully employed.
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As an example of the alternatives available, the following
extract from Framm's work is given:

1) (5 -1/2, N+1)=X(J-1/2, ) +u(J -1/2, ) At
2) X(J - 1/2, N +1) =%x(J - 1/2, N)

+5 [u(g - 1/2, N+ 1) +u(J - /2, ] &t
3) (T -1/2, N+1) =X(J - 1/2, N) + u(J - 1/2, N + 1) At

Of these equations, Fromm's work indicates that the last is
preferable. On physical grounds, however, it seems that some
sort of average velocity would yield the best results in the
canputation of the final position, since this would represent
the veloclty of the zone at some intermediate time. There is
also a tendency to choose the initial value of velocity partly
because we ordinarily extrapolate from present knowledge (u(N)
and X(N)) to future knowledge X(N + 1). Fhysically Fromm's
choice of the best equation runs counter to the normal choice.

By considering a Taylor expansion of X as a function of
time, we will gain some insight into the difference equations.
Accordingly, we write:? (using superscripts and subsecripts
throughout for clarity.

1 1/2 -t/z
xN+1 i N+ /2 )N+ L 2 (82x) N .
3-1/2 J-l/z 8 7| 5.1/2
N n+1/2 N+1/2 N+1/2
X = - 4t a‘ + ...
g-1/2 s1/2 2 5-1/2 '8— atz 1/

Upon subtracting these, we obtain:
w+1/2 N w4t/2

X - X = pt X
3-1/2 5-1/2 ot ;.1/2

accurate representation for fixed At ought to be:

+ 0(at)® and the most

INote that fundamental time increment At is the time-from cycle
N to cycle N+l. Since we have used cycle N+41/2, the time
difference between the 2 cycles is At/2.
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wet/2

N+l N ( 3x
X = X + 40t | &£
3-1/2 3-1/2 t] 5.1/2
N ¥+1/2
=X + Ateu
5.1/2 s.1/2

But, as Fromm points out, the error introduced by neglecting
terms of higher order may actually be lower in the case where
ul™*l because the neglected terms tend to cancel each other out
in one case and not in the other.

Similar differencing schemes may be tried on all the
equations, but the scheme used in Wundy is the only one that
need concern us here.

Since the difference equations are not the same as the
differential equations they represent, but only an approximation
to the differential equations, the solutions to the difference
equations are not the same as the true solutions but only an
approximation. It is reasonable to suppose that the solutions
to the difference equations can be made as close as we please
to the true solutions by choosing At sufificiently small and
meking m(J + 1/2) sufficiently small. But non-linear differ-
ential equations are rather ornery opjects and have a way of
confounding predictions of this kind. In our case, however, the
two solutions can be made arbitrarily close providing only that
(1) At and m(J + 1/2) are chosen sufficiently small and (2)
that the system of difference equations is stable, the theorem
(stating that stability of a system of difference equations is
necessary and sufficient for convergence of the solution of
these equations to the true solution) being due to Peter Lax
(References 3 and 6). .

The stability of a system of difference equations refers
to the amplification of errors introduced into the camputing
process by various means - round-off errors, inaccurate data
and so on. If such errors are amplified and grow in time as the
computation proceeds, the difference equations are said to be
unstable. If not the equetions are stable. Striking examples
of numerical instability are given by Richtmeyer (Reference 3)

3 and the following example is taken from the source.
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The continuous lines represent the solution to a differ-
ential equation and the dashed lines the solutlon to the
difference equations. It is obvious that the two solutions
are not approaching one another as t increases.

Instebility is avoided by insuring that a certain relation
holds between the increments to the distance and ime variables.
Courant, Friedrichs and Lewy deduced the first stability cri-
terion and Von Neumann and Richtmeyer have applied this criterion
to the Wundy code. The criterion is auvtomatically satisfied
by the DELTAT subroutine which computes At - the change in
time fram 1 cycle to the next. It is important to note that
no stable set of difference equations exists to describe the
problem with & shock discontinuity present. This is why the
artificisl viscosity was introduced.

The functional form of the artificlal viscosity is rather
arbitrary but the following conditions are imposed:

(1) When the artificial viscosity term is incorporated
into the problem, the equations must have continuous solutions.

(2) The distance over which the shock is spread must be
everywhere on the order of the thickness of the zones used in
the numerical camputation, independently of the shock strength
(so that the same q will work for all shocks) and independently
of the condition of the material into which the shock is moving
(so that q is determined solely by the variables which influence
the pressure, density, velocity and the other physical quantities
involved).

(3) Outside the shock front, the effect of q must be
negligible, This is to be taken to mean that the difference
between the quantities computed with the use of g and the
quantities computed by more exotic schemes will be negligible s
which implies that q itself is small.
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(4) T™e Hugoniot equations must hold when all other
Gimensions are large compared to the shock thickness.

von Neumann and Richtmeyer discovered that, for 1
dimensional flow in a substance which obeyed the y law
expression:

= fex)® |
q—-—q;-,)-'g;g - sl

satisfied all these conditions. A later correction was made
setting q = 0 for Sﬁ > 0. For if O/3x is non-negative then

X
the front of the zone is moving more rapidly than the rear
and the zone is expanding. In this case, no shock is formed
or likely to form and consequently the undisturbed equations
have a continuous solution and there is no need of the smoothing
effect of q. The form of g used in Wundy is:

- (emx)® dup du ;¢ Ou
q---——v—,)— !&'l = el <0

But V/ =V/p, so that

= {eax)® | Su
1= 7% Pelx

2

a(d - 1/2, N + 1,/2)

o (1) Eluld, N +3/2) - wlg -1, N+ 1/2)]°
’ v(J - 1/2, ¥ + 1/2)

= 02 Po (I) [u(J, N+ 1/2) - u(J -1, N+ 1/2)]2

-21- (V(7 -1/2, N+ 1) + W(J ~ 1/2, N)

Using the code symbol CQSQX4, we set von Neumann's CZ = CQSQX4/4
to obtain:
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(T - 1/2, N + 1/2)

= CQsqx4 Po (T)[u(J, N +1/2) - u(J -1, ¥+ 1/2)]2
4 -;’-fv(J -1/2, N+1) + VJ - 1/2, N)]

_ 00SQX4 Po (I)[w(J, N +1/2) - uw(J -1, N +1/2)]2
2 [V{J - 1/2, N + 1) + v(d - 1/2, N)]

and CQSQX4 (I) is set equal to 9 for explosives and 16 for metals
in the present code.

IV. EQUATIONS OF STATE

The equations of state are normelly determined empirically.
For explosive gases, the equaition used is the ideal gas equation:

pV =RT; E - E, = CyT
where E is the internal energy per mole and p,V,T R and Cy all
have their usual significance and refer to 1 mole of gas.

(Refer to Zemansky: Her. and Thermodynamics, page 120) Recall
Cp - Cy =R and Cp/C. = . and we have:

c
A-ho=c B T gy

I
Le)
<3

Dividing both .ides by ihe atomic woioht in grams, on the left
we obtain the 1at~.12l energy per gram {instead of per mole)
and on the right, we kave the volume of one mole divided by
the mass of one mole which is the reciprocal of the density.

1
vy - 1

U-U, = /o
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Multiply by p, - the initial density and the result is:

E - E; = p, (U-Uo)=—-—-—llp(po/p)
7-

or

E = By = wmdee pV
vy -1

where V = Po/p as defined earlier.

This equation represents the energy of an ideal gas for
y =14, For values. of y in the neighborhood of 3 , the equation
also represents not only a condensed explosive but also, to a
good approximation the high pressure gases released by the
detonation process (Reference 7). The energy that is released
into the wave is controlled by the burn fraction, F, which is
defined as the following ratio:

_ 1V

where V = p°/p and Vgog = pO/ch the subseript CJ referring
to the Chapman-Jouget conditions (Reference 4). If the
Chapman~Jouget hypothesis is satisfied, then:

(po/p) = = Ves
v+ 1

y+ 1 v+ 1

and

F=2=V _ (y+21) (1 -V

1l - Vg3

which is in the form used in the code. The fraction of the energy
released is then F.

*This value of y need no longer represent the ratio of specific
heats in the explosive
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In the actuasl working of the code, the burn fraction is
subjected to several tests designed to insure that the computed
situation is physically realistic. If F < .00001, it is assumed
that the difference between F and 0 is due to errors in the
calculation. If F > 1, it is assumed that the difference in
F and 1 is due to the same cause. F is then set equal to 1.

If F begins to decrease in time, F is set equal to 1. Finally
if F is equal to 1 in every zone, the energy of the explosive
is spent and the routine is skipped on the next cycle.

The equation of state and the energy equation are both
used in advancing the energy. From the above considerations, we
have:

3p/3E = (y - 1)/V
or in differenced form:
DPDE = (y = 1)/V (J - 1/2, N + 1)
The energy equation of section II is now employed
dE/dt = - (p + q) dV/ot
to obtain:

E(J - 1/2, N+ 1/2) - B(J - 1/2, N)

=« (p+q)(J-1/2, §) [W(J - 1/2, N + 1)
- Vv(J - 1/2, V)]

But, inside the explosive, this equation is subject to error
because energy source terms are not included. Moreover the
pressure p(J - 1/2, N) is decidedly not the pressure acting
over the entire time cycle or even a good approximation to
it since the pressure can be expected to increase greatly
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when the energy of the detonation is released. For these reasons,
an iteration process is used in computing E(J - 1/2, N + 1).
First we set

EI =B(J - 1/2, N) = {p + q)(J - 1/2, N+ 1) [V(J - 1/2, N + 1)
- V(J - 1/2, N))

PI = DPDE » EI « F(J - 1/2, N + 1)

These intermediate pressures and energies are then employed
in obtaining the resultant pressure and energies as follows:

B(J - 1/2, N + 1) = B(J - 1/2, N) - %. (BT - P(J = 1/2, N)]
e [V(J -1/2, N+1) - V(T - 1/2, W)] j

P(J-1/2, N+ 1) =DPDE « E(J - 1/2, N+ 1) * F(J ~ 1/2, N + 1)

The computation, having advanced E and P, returns to the
main program.

Of all the inert materials a genuine equation of state
is available only for aluminum as of this writing. For other
materials, the Hugoniot equation is used. This equation is
strictly an equation of process and not of state, the process
involved being a shock transition. The Hugoniot is accurate, :
therefore, only for shock transitions, but very weak shocks are :
nearly isentropic and, if the drop in pressure from zone to zone
is not too great in the relief wave, the Hugoniot will be a good
approximation to the adiabat which is the actual curve along which
the relief transitions take place.

PEESRUYIN

The Hugoniot (Reference 5) may be obtained from a
straightforward empirical curve fitting process or by utilizing
the empirical observation that the shock velocity is a linear
function of the particle velocity at sufficiently high pressures.
The Rankine-Hugoniot equations can then be used to determine
the equation of the Hugoniot curve in P - py coordinates (where
w is the quantity (p/p, - 1)). A typical csleculation of this
kind is presented in Appendix B.
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The pressure and internal energy are now advanced in a
manner similar to that employed for explosives. The intermediate
Varisbles, n(p) (in the éode language POFMU) and p (or DMU) are
introduced and the empirical relation between them:

POFMU = (cl + C, DMU) DMU

EI = E(J - 1/2, N) - [P(J - 1/2, N) + qa(J - 1/2, N)]

* [(v(J-1/2, N +1) - W3 ~1/2, N)]

E(J - 1/2, N +1) =EI = .;_ [POFMU + C.EI - P(J - 1/2, N)]

e [V(J - 1/2, N+1) - V(J - 1/2, N)]

P(J - 12, N + 1) = POFMU + C, E(J - 1/2, N + 1)

If the computed pressure turns out to be less than -3 kilobars,
it is set equal to -3 kilobars. Since a tension (negative
pressure) of 3 kilobars will cause many metals to fracture,
a greater tension cannot appear in the physical explosion.
This introduces the negative pressure cutoff.
V. THE PROGRAM

The ccmputation begins by reading off the initial values
of the variables from a set of IBM cards. The input variables
are:

(1) Bquation of state for region J.

(2) Initial density of region J.

(3) The constant CQSQX4 for region J,

(4) The constand 7 for region J.
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(5) Certain control varisbles, notably:
(1) MURIN
(2) mv
(3) NALTQ
(4) NSWEEP
(s5) X

This list of control variables is by no means exhaustive.
These are given as a sample. The control MURIN defines the
iritial conditions at the innermost boundary. If the geometry
is cylindrical or spherical, MURIN = 1. For rectangular (slab)
geometry, there are two possibilities, either a rigid wall at
the origin (set MURIN = 1) or a free surface MURIN = O, INV
is a control that determines the initial state of the material.
If the material is in its normal state, INV = 0. If it is
desired to have the material in a compressed state when the
program starts, INV is set equal to any number other than
zero, (for example INV = 1). Then the ratio of the density
in the compressed state to the uncompressed density is read in.

NALTQ is set equal to zero if the von Neumann form of
the artificial viscosity q, is desired. If NALTQ # O, then
a linear q will be used. This form of q has been used in
certain underwater explosion problems at Naval Ordnance
Laboratory, Vhite Ozk. NSWEEP is a control which introduces
a limited calculation procedure. NSWEEP = O causes the
velocities of three adjacent zones to be tested. If the sum
of the absolute values of these three zones is less than 10'6,
and the time cycle is less than 2, then it is assumed that
the shock has not yet reached those zones and the computation
is stopped at the last of these zones.

The last control mentioned, K, determines the geometry
of the problem. K =1 for rectangular, 2 for cylindrical,
and 3 for spherical problems.

When all the input values have been read in, all the
variables of the calculation (N, J, J + 1/2, etc.) are set
equal to their initial values and the patch subroutine
(PCH), is called. This subroutine is employed to begin the
process. The command PCH(IJ) = TYME alters the value of the
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variable in the location IJ to a new value designated by the code
word TYME. It has been found most convenient to change the velocity
of the first interface to a suitably high value in order to begin
the detonation process. With the first zone being compressed, the
burn fraction rises and energy is released. This builds up the
pressure and the detonation process is underway. Next, the
subroutine, GENSUB, is called.

This subroutine sets a series of control varisbles which
locate the various interfaces and any voids that may be present.
The program is now ready to go. The limited camputation test
is applied to determine an upper limit for the calculations.
MURIN is then tested to determine the fate of the first zone.

For a rigid wall condition, w(J, N + 1/2) = u(J, ¥ - 1/2)
= TYME. For a free surface, DULT is computed and u and x are
advanced. The computation now proceeds to advance each zone
in accordance with the difference equations cited in section
I1T., The velocity, coordinate, area, reduced density and
artificial viscosity are all computed for each zone. At the
void closures, the special routines discussed in section VI
are employed. When these computations have all been performed,
the equation of state is selected and the pressure and internal
energy are both advanced. The subroutine DELTAT is called up
and a new value of At is generated. This value is calculated

from stability considerations.

The time is now advanced from t to t + At and the energy
is checked to insure that the total energy does not depart
from the initial value of the energy by more than 104, If it
does, the computation is stopped amd E WRONG is printed out.
(This enexgy check is optional and is controlled by NCHEKE
which is set equal to 1 if this check is desired, amd O if
the check is to be bypassed.) The computer now compares
t 4+ At with the time limit set by the operator. If the run
time is larger than t + At, the computation is started all
over again using this advanced value of t. If not, the
output is sumoned and the results of the computation are

printed out.
VI, THE VOID SUBROUTINE

The calculations outlined thus far proceed very well in
normal situations, but occasionally an extraordinary situation
arises and special attention is required. The commonest of
these situations occurs when a void is enclosed between two

regions.
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A nevw interface must be introduced (XVOID) and appropriate
corrections must be made in the equations. The interface on the
right vhere the material begins again is subscripted JVOID and
the two collide after a time. The geametry is as follows:

Region vOoID Region I + 1
I

Origin XVoID x(JvoID,N)

The interface XVOID is advanced as follows:

o pur = RR(IV=D) vy pRea
-;-m(J - 1/2)

uveId (I, N + 1/2) = uvoId (I, N - 1/2) + AT VDDUDT
XvoiD (I, N + 1) = XvoID (I, N) + AT UVOID (I, N + 1/2)

The first of these equations corresponds to the ordinary
differenced form of:

3ot g

except that, for the void, the pressure in zone J - 1/2 is
labelled p{JV - 1) and the pressure in zone J + 1/2 is set
equal to zero (since there is no pressure in a void).
Similarly the expression for mass is gltered since the zone
mass of the void is zero. Thus, only m(J - 1/2) appears.

The right hand boundary is advanced in a similar mamner:

VIDUDT = -~ ‘H‘Q! JVOoID - AREA (JVOID, N)
1
5 m(JV)
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uw(Jv, N + 1/2) = uw(Jv, N-1/2) + AT VIDUDT

X(av, N + 1) = x(Jv, W)+AT u(IV, N + 1/2)

The two X's are now compared to investigate whether the material
on the left has overteken the materisl on the right or not. If
XVOID is still smaller than X(JVOID), then the void is still
open and the computation proceeds by advancing X(JV - 1, N + 1),
computing a new value of g and returning to the main program,
(%(Jv - 1, N + 1) is advanced here in order to compute q.

It is recomputed later, but it was though best to keep all

the void calculations together.)

If XVOID = X(JV, N + 1), a void closure has occurred and
the program proceeds to compute a new time increment and
employs this in subsequent calculations. XVOID is now set
equal to Zero and the void index JVOID is set equal to -JVOID
which serves as a test for void closure. Hereinafter, the
subroutine is skipped.

UVOID is advanced from the VDDUDT computation and U(JV, N + 1/2)
is also advanced. After X(JV, N + 1/2), the common interface, is
advanced, a quantity called UTEMP is introduced. This is the
conmon velocity of the two zones adjacent to the interface
X(JV, N + 1) as computed from the usual formuls for inelastic
collision:

1 1
5 m(Jv) U(gv, N + 1/2)+ B m(JV - 1) UVOID
%—m(JV) + -32= m(JV - 1)

UTEMP =

X(JV - 1, ¥ + 1) is now advanced just as before and areas,
volumes and reduced densities are camputed and the computation
is returned to the mein program.

In the main program, itself, a further correction is made
to adjust the energies of these two zones. The mechanical
(kinetic) energy lost by the first zone is:

%’m(JV - 1) (VoID® - UTEMP?)

and that gained by the second zone is:

%m(w) (UTEMPZ- U (JV, N + 1/2)3)
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The mechanical energy lost is the difference

i{m(Jv - 1) (uvoID® - UTEMP?) + m(3V) (U(3V, N + 1/2)2 - UTENIPZ)}‘

This will appear as thermodynamic energy and a plausible assumption
for metals is to assume that this energy is divided equally
between the two zones concerned. If we neglect the slight change
in density or the metals, we have:

n(Jv) (g - anpa = Total change in internal energy of

zone JV. (%-r;%{ﬂ x mass / density)

ES - B= (p /m(3V) 1/&m(JV - 1) (UVOID? - UTEMPZ]
+ m(JV) [U(JV, N + 1/2)2 - UTEMP2]

=%:- { % oy [w(av, ¥ + 1/2)2 - UTEMP?] + % o, m}ﬂ;.l [UVOIDz-UTEMPZ]}

And similarly
n
E; - E, = _—_.]'__.J;{m(JV ~ 1) [UVOID? - UTEMPZ)
m(Jv-1) 8

+ m(IVY[U(IV, N + 1/2)2 - UTEMPZJ}

L{de (ot - vmes) 3o I (oo, w41/ - vrae)]

For a gas closing on a metal, the low thermal conductivity of
the gas is presumed to prevent any apprecisble transfer of energy
to the metal so that we may neglect AE_ and employ the second
equation given gbove together with the approximation UVOID >> UTEMP
and UVOID >> U(JV, N + 1/2). Neglecting both these factors and
doubling the energy on the right in order to insure that all the
mechenical energy lost is converted into thermal energy of the

as, we obtain:




E! =E, += 2 [n(av - 1) wvomD?]
4 m(Jv-1)

= E, + +5 (1/2 p,) UVOID?

‘which is the equation used in Wundy.

When these adjustments have been made, JVOID is set equal
to zero and the adjustment is skipped thereafter.

VII. QUESTIONS ON QUASI-WUNDY

There are several questions that arise in the course of
working on the Quasi-Wundy code and these will be considered
hare.

The first of these questions concerns the necessity for
mass matching at interfaces between adjacent zones. This
question ordinarily arises when a very light metal is placed
in contact with a very heavy one and the number of zones
required in order to obtain a good notion of the processes
occurring in the light metal makes the number of zones in the
heavy metal prohibitively expensive if the masses of adjacent
zones are matched. As an example, consider a thin aluminum
slice - 2.5x10"2 cm thick - in contact with a copper plate.
The density of aluminum is 2.785 gm/cm® and that of copper
is 8.93 gm/cm®. It is estimated that not less than 10 zones
are needed in the aluminum in order to get a reliable view of
the motions of the shock waves through the aluminum. The
thickness of each zone of aluminum is 2.5¥107% em. Iet us
consider a unit cross section and the mass of  each zone is
2.510"% x 1x 2.785 = 6.9625 X 10™% gm. The copper plate
is .635 cm thick and if we require that the mass per zone be
6.9625 x 10”* gms, we have, for the number of zones:

i = Lotal mass of Copper - 1 x .635 x 8.93 y 104
mass of zone 6.9625

N= 8,000
The cost of computation for 8,000 zones is rather high. Thus the

guestion naturally arises: Is it necessary to insure that the
masses of the zones are equal or nearly so?
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Consider the Taylcr expansion of the pressure near a point,
m,, at which the increment Am is changed. (’\Ioma]_ly m, will be
the interface between two regions). According to 2 well known
formula:
- A Op 1 Am Pp 1 om° 3%
—_— + —— + — — + LN
p(m) = o(mo) + 2 (B, + 2 (7 (€D, v 5 (& ) (D).,
where m = m_ + 1/2 Am
Designate (m, + 5 A2 m) by PJ plmg = !2'- Al m) by P . and

(m,) =p;. Then we have:

- bal 1 P R Ogin

Pu% =Py + (%)J > '2— ( ) (—2—)2 e (g'm"li)')‘T ("'é-')a + oo
_ o oymo g d ) Ao

P“q.‘.% - PJ - ('a'i)'] "'é- + '2—1' ('é;l-‘:') ( ) _ (?a;n'g)a, ( = + X

Subtracting the first expression from the second:

e S Bl I s N (0 S (A.énf-)

S wm? 2 T Cwmer\T e

-ZE (ams) {(Am)ad-(Am)s} $ eeececccecs

Divide both sides by 5 (A m + Azm) and we have:

Pil+Ppl o

1
m)= (gn_m)J I ( ) (Am - Agm)
5 ‘o1

"5 EB, em? - () (0 + (0 een.
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If Am > Aam, Alm - Azm > 0 and our eqguabion reads:

PJ - p 3
1) ———-——-ﬁz (%%)J - ':']2"75 (-gm-g).y o( an®)

% (Am + Azm)— .

The approximgtion used in the code is then simply to drop terms
of order greater than the second and set

2) - (%E) =pJ;_ -PJ—I—-
m J 1
-'(A.m+-Aém)
SN
and employ this in the eguation . w‘

\1‘“§ ;
Bu a $ ‘;;
= - A . B
ook 4
2/

which advances the velocity and then the X coordinate and hence
the density and indirectly the pressure in the next zone.

If the masses are not matched, this equation can be
seriously in nrror.

In an actual run (Quasi-Wundy 84), an attempt was made to
match the masses of the zones in the aluminum foil mentioned
above and ‘the copper plate. In order to limit computing time an
artificial interface was introduced between coarse zoned copper
and fine zoned copper. The result showed an attenuation of 150
kilobars in a 400 kilobar shcck going from the coarse zoned
copper to the fine zoned. In order to explain this spurious
effect, consider the neglected iterms of equation 1.

: 11 ¥p [ (gemy’ 4 (- oumy]

n=2 2n-l no %n J Alm + A m
2

The largest of these terms (assuming the series to converge
sufficiently rapidly) is the first:

p-11 (ﬁh[ (aom)? + (al.m)a]

A o+ Azm

E=2x p (Am H.m)
4(32)J
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Note carefully that when Am and Am are equal, this expression
vanishes and the error is reduced %o third order rather than
second. It is anticipated that the third order terms are very
small. We investigate the lead term. In order to do this, we
need an estimate on the derivatives. This is extremely
difficult to obtain, but since (dp/dm) is continuous in the
smoothed out shock front (Richtmeyer p203), we will attempt to

estimate Op/dm and 82p/dm* from the data available although any

"estimates of higher derivatives probably can not be obtained by

the method we will employ. The pressure is initially zero and
rises t¢c .4 megabars in the space of four zones - 2 to the left
of the interface and 2 to the right. The mass increment to

the left of the interface is Aym = 0016 and to the right is
.0001 (A,m).

a e 04 - O + .4
Sﬁ 2(.0016) + 2(.0001) 2(.0017)

gﬁ 2= 175

To estimate the second derivative, consider that dp/om is
initially zero and rises to the average value listed above
in a space of one zone or so - being smaller than the sbove
value in the first zone and larger in the second so that the
average is the quantity listed. In the third zone the
derivative begins to decline reaching the average value at
the end of the third zone and falling off to zero by the end
of the fourth zone.

§fg:= dp/om - O
om= 2 m

aepa‘o - dp/dm
m2 2 Aim

Averaging the absolute values, we et a crude estimate on the
maximum value of &%p/dm®:
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*p_1fp/m | agzaﬂ

om> 2f2am 2 Am

2,
P & 47 & 10

am2
1l 1 §EB /
E==—= (Am = Am)
2: 2 o n2
= IZ‘ (47 x 10%)(.0015)

= 180

which is on the same order as the term Op/om which is being
calculated. Hence near a shock front, a mass mismatch can
introduce a serious error. The calculations listed are by
no means sound, they are merely an estimate of possible
error. At the present writing, an attempt is being made to
eliminate the difficulty, but results are not yet available.

Another question that frequently arises concerns
equations of state. As is pointed out in the text, the
confusion arises because the Hugoniot is widely used as
an equation of state but it is really an equation of process.
However, as pointed out in section IV (r26), the Hugoniot is
a useful approximation.
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DERIVATIVE OF THE JACOBIAN DETERMINANT

Let
N xyz Oxi z

J= = :

Nave)  ISa3! :

3

J=2¢ ., e M T, T :

31 1Jk Senn “ile “jm “km ;

where Ty = gﬁ: and the ey, are the familiar alternating

symbols of tensor analysis (see note at end).

o _ 1 aT:Le
STrs T 3T €14x Cenn T Tdm Tn

oT
LTy eijk eemn - Tie Jm
3. BTl:‘s

. 1
- ; [ei.jk €emn O1r Ses TJm Tkn

+ eijk €emn SJr 8ms Tie Tkn

T

+ €y € ) 1o ij]

emn “kr 82‘15

_ 1
- 31 [eer €smn TJm Tkn * €irk €esn T:!.e Tkn

* €44 Coms Tae TJm]
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Renumbering the dummy indices of summation we cobtain:

34 1 i 3
3Ti's T3 I:'Srpv €sap Tp,a TVB + €ruv Ssap Tp.a “vB . 'j
* €ruv €sap Tua TVB] :
3 _ 1
&:s. = 3T [3 €ruv €sap Tp,a TVB]
Multiply by Tps and sum on s:
oJ 1
T = .= T T T
ps aTrs 21 €rpw esaB pa “vB ps
=2e [e 7]
o1 THV o pvp
-1 -
o (euvr ewp) ¢
_ 1
Y (va 8z:'p b 8vp 8vr) I
1 )
=53 (38, -8,,) 7
_ 2
=J Srp
A2
i
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So that Ty, » | L1 8% |=5,,
T Ty,

Q/

or

o
Qj!

-1
3 [Tps]
TI‘S

-1 da ox_ da
But { T is obviously =L since .2 _ X =35__.
rs sp
ox da,, axp

Hence, as claimed in the body of the report:

o _ -1
S5 =Tyt J
rs
and
T _l=bas
rs
X,

NOTE: The summation convention is employed throughout so that
a4 byx is summed from J =1 to 3. The Kronecker 3, %;4, has

the value 1 if i = j and O otherwise. Obviously d;j; &ajx = 84y

for any tensor a. Further dj; = 333 + 8p5 + B3z = 5. The
alternating symbol e, ;. is zero if any 2 indices (i,3,k) are

the same. It is one if 1 j k is an even permutation of 1,2,3
and -1 for an odd permutation.
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or

reg! P~p 2
v/v.) - gl2 V'3 (........‘.’.) =e
((v/v,) - g2 ¥, T

Let

V= V/V; = po/p -

(v-g)2 V.;2__£'£9__=e2
v, (1-V)

2 (1-v
_ €
R ok

- 1
Now set V. =1/p  and p -—V-l

2
_ e u(1ap
(r - p,) T(——-;—-}zl_g e

2
_ Po®  u(2+p)

B e T S B S SRS LA

p-P, > .
8 [1-1_-.%}1]
g
pez - l" . .‘“a
P..P°= ;2 |J,(l+p,){l+2}?s-§u+6(-'ég')ap,2+'tooooo k
t‘)

i

1- 1-g)*
A(l+u){l+2"g§ |J,+'(__§'l u2+ocao.lo
g

2
=A[u+ll2+2('l'§) (ue+u"3)+6(—l;ﬁl (u® + p®) + ..
g .
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